In the present paper we construct q-Szász-Mirakjan operators generated by Dunkl generalization of the exponential function which preserve x 2 . We obtain some approximation results via universal Korovkin's type theorem for these operators and study convergence properties by using the modulus of continuity. Furthermore, we obtain a Voronovskaja type theorem for these operators.
Introduction and Preliminaries
Bernstein [3] 
for n ∈ N and f ∈ C[0, 1]. Szász [16] introduced the operators
It has been observed that a sequence of linear positive operators preserves constant as well as linear functions i.e. L n (e i , x) = e i (x) for e i (x) = x i (i = 0, 1). These conditions hold for Bernstein polynomials, Szász-Mirakjan operators, Baskakov operators, Phillips operators and so on. For each of the above operators L n (e 2 , x) e 2 (x). King [8] gave the modification of the well known Bernstein polynomials in order to preserve e 0 and e 2 . He considered r * n (x) as Approximation results on Szász-Mirakjan operators, q-Szász-Mirakjan operators and q-Stancu-Beta operators preserving e 2 have been studied in [6] , [9] and [11] , respectively. The purpose of this paper is to construct and investigated Dunkl analogue of q-Szász-Mirakjan operators which preserve the functions e 0 and e 2 . Recently, work on Dunkl analogues has been done in [10] , [13] , [14] and [12] .
We recall some definitions and notations of q-calculus which plays an important role in approximation theory (see [2] ).
Let k ∈ N 0 and q ∈ (0, 1). Then q-integer [k] q is defined as
and for k ∈ N, q-binomial coefficient k r q is defined by
There are two q-analogues of the exponential function e x (see [7] )
and
where
It is obvious that for q = 1, q-calculus reduces to ordinary calculus.
Sucu [15] defined Dunkl analogue of Szász operator by
where µ ≥ 0, n ∈ N, x ≥ 0, f ∈ C[0, ∞) and
Here
) and
.
Recursion relation for γ µ is given by
Cheikh et al. [5] defined the Dunkl analogue of classical q-Hermite polynomials and gave definitions of the q-Dunkl analogue of exponential functions, explicit formula and recursion relations for µ > − 1 2 and 0 < q < 1, respectively.
An explicit formula for γ µ,q (k) is given by
Some of the special cases of γ µ,q (k) are as follows
Recursion relation for γ µ,q is given by
, where x ∈ [0, ∞), m > 0 and M f is a constant depending on f . We write
These spaces are endowed with the norm
If λ is any positive real number then
If f is uniformly continuous on (0, ∞) then it is necessary and sufficient that lim δ→0 ω( f, δ) = 0.
Auxiliary Results
We define a q-Dunkl analogue of Szász-Mirakjan operator as follows:
where µ > 
Proof.
Separating even and odd terms,
Similarly, on the other hand we have
Lemma 2.2. Let D n,q (.; .) be the operator given by (12). Then we have the following identities and inequalities:
3.
4.
5.
Proof. Proof is based on Lemma 2.1. We calculate only D n,q (e 3 ; x) and D n,q (e 4 ; x).
On the other hand, we have
xD n,q (e 0 ; x) + 2 1
Similarly,
xD n,q (e 0 ; x) + 3 1
On the other hand,
Now, we want to transform the operators defined by (12) in order to preserve the quadratic function e 2 . We define the functions
and the linear positive operators
Lemma 2.3. The operators defined by (14) satisfy the following identities:
Proof. Using Lemma 2.2 and (14), we have
Similarly, on the other hand
Hence, we have
Now, we have to prove (4) . Since
By linearity of D n,q and from (1), (2) and (3), we have D * n,q ((e 1 − e 0 x) 2 ; x) = D n,q (e 2 ; v n,q (x)) − 2xD n,q (e 1 ; v n,q (x)) + x 2 D n,q (e 0 ; v n,q (x))
Lemma 2.4. For µ > 1 2 , n ∈ N and q ∈ (0, 1) let v n,q be defined by (13) . Then the following statements hold:
is strictly increasing in x and
Proof. To prove (3) we can consider the function h : [0, ∞) → R defined by
Clearly, h is strictly increasing.
Convergence of Modified q-Dunkl Szász Operators
In order to obtain the convergence results for the operators D * n,q n , we take q = (q n ) where q n ∈ (0, 1) such that
Lemma 3.1. Let q = (q n ) with q n ∈ (0, 1) for all n ∈ N satisfy (15). Then for every x ∈ [0, ∞) we have,
Proof. The proof is based on the following limit
Using Lemma 2.3, proof of (16) and (17) 
Simple but tedious calculation shows that
Let us show details of third limit,
Theorem 3.2. Let q = (q n ) with q n ∈ (0, 1) for all n ∈ N satisfy (15) . Then the sequence D * n,q n ( f ; x) converges uniformly to f on [0, A] for each f ∈ C Proof. Assume that lim n→∞ q n = 1. Fix A > 0 and consider the lattice homomorphism T A :
Now, we see
[0, ∞) and A > 0. Now we prove converse result by contradiction. Suppose that {q n } does not converge to 1. Then it has to contain a subsequence {q n k } ⊂ (0, 1) such that q n k → α ∈ [0, 1), as k → ∞. Therefore
Also, This is a contradiction. Thus q n → 1 as n → ∞.
The following result is a Dunkl q-analogue of Theorem 1 of [4] . 
s n,k (q n , v n,q n (x))
This completes the proof.
Next, we prove Voronovskaja type result for Dunkl analogue of q-Szász operators.
Theorem 3.4. Let q = (q n ) with q n ∈ (0, 1) for all n ∈ N satisfy (15). For any f ∈ C * 2 [0, ∞) such that f , f ∈ C
